Abstract: A number of researchers have studied the wealth distribution of the Forbes 400 lists (for example, Klass et al. (2006)). They argue that the wealth is Pareto distributed. We ask the question: does the Pareto distribution really give a statistically adequate fit? We find other distributions giving statistically adequate fits.
Introduction
The wealth distribution of the Forbes 400 lists have been investigated by a number of researchers. Using the Forbes 400 lists for 1988 -2003 , Klass et al. (2006 showed that wealth is distributed according to a Pareto type I distribution with an average exponent of 1.49. A similar conclusion is given in Klass et al. (2007) .
The Pareto type I distribution has its probability density function (pdf) and cumulative distribution function (cdf) specified by
and
respectively, for x > K > 0 and a > 0. The parameter a is referred to as the exponent. The parameter K represents the lower end point or the minimum wealth (for the application considered in this note).
The purpose of this note is two folded: i) does the Pareto type I distribution provide a statistically adequate fit to the wealth distribution of the Forbes 400 lists? ii) if not, are there distributions providing statistically adequate fits to the wealth distribution of the Forbes 400 lists? The adequacy is tested using the well known Anderson Darling test for goodness of fit (Anderson and Darling (1952) Anderson and Darling (1954) ).
The contents of this note are organized as follows: Section 2 provides a description of the data used; Section 3 answers the two questions; some conclusions are noted in Section 4. All computations for this note were performed using the R software (R Development Core Team (2016) ).
Data
The data are the wealth in billions of dollars of the 400 richest individuals in the United States for the years from 1988 to 2016. The data were extracted from the website www.forbes.com. The following summary statistics of the data are given in The rich are getting richer. So, it is not surprising that the minimum, first quartile, median, mean, third quartile and the maximum are increasing with the increasing year. The variance is also increasing with the increasing year. The coefficient of variation, skewness and kurtosis initially increase and then decrease. They appear to reach their largest values around the year 2000. The wealth distribution for each year is positively skewed and its peakedness is sharper than that of the normal distribution.
Results and discussion
We fitted the Pareto type I distribution to the data in Section 2. The method of maximum likelihood was used. The Akaike information criterion values, and p-values of the Anderson Darling test are given in Table 2 . The AIC is due to Akaike (1974) . The smaller the value of the AIC the better the fit. For more discussion on the AIC, see Burnham and Anderson (2004) and Fang (2011) . All of the p-values for the Pareto type I distribution are so small (zero up to three decimal places), suggesting that its fit is hardly adequate for any of the years. The Pareto type I distribution has been generalized by many authors. One of the simplest generalizations is the beta Pareto distribution (Akinsete et al. (2008) ) with the pdf and cdf specified by
respectively, for x > K > 0, a > 0, α > 0 and β > 0, where B(a, b) and I x (a, b) are the beta function and the incomplete beta function ratio defined by
respectively, for 0 < x < 1, α > 0 and β > 0. The parameters a and K can be referred to as the exponent and minimum wealth, respectively, as for the Pareto type I distribution. α and β are shape parameters. α controls the lower tail behavior. β controls the upper tail behavior.
The beta Pareto distribution can be interpreted as follows: suppose there are (a + b − 1) independent Pareto type I random variables representing say the wealth of (a + b − 1) individuals; the beta Pareto distribution is the distribution of the ath smallest of these variables; in other words, the beta Pareto distribution is the distribution of the wealth of the ath poorest of the individuals. For example, if a = 10 and b = 1 then the beta Pareto distribution is the distribution of the wealth of the richest of the 10 individuals. On the other hand, if a = 1 and b = 10 then the beta Pareto distribution is the distribution of the wealth of the poorest of the 10 individuals. We fitted this distribution to the same data to see if it would give better fits. The AIC values and p-values of the Anderson Darling test are also given in Table 2 . We see that the beta Pareto distribution has smaller AIC and much larger p-value than the Pareto type I distribution for each year. The beta Pareto distribution actually gives an adequate fit for each year.
The maximum likelihood estimates of the parameters of the beta Pareto distribution are plotted in Figure 1 . Also shown in the figure are 95 percent confidence intervals of the parameter estimates. The estimate of K increases with time since it represents minimum wealth and the rich get richer with time. There is variability in the estimates of a, α and β over the period from 1999 to 2016. However, taking account of the confidence intervals, there is no evidence that these parameter estimates actually vary with time, especially from 1999 to 2016. Figure  2 gives the probability plots for selected years. The values plotted on the x axes are the expected probabilities, that is, i/401 for i = 1, 2, . . . , 400. The values plotted on the y axes are the observed probabilities under the fitted Pareto type I distribution,
, i = 1, 2, . . . , 400, and the observed probabilities under the fitted beta Pareto distribution,
α, β , i = 1, 2, . . . , 400, where K, a, α, β are the maximum likelihood estimates, and x (1) ≤ x (2) ≤ · · · ≤ x (400) are the wealth of the 400 billionaires arranged in increasing order.
The probability plots show that the Pareto type I distribution does not give satisfactory fits in both the lower and upper tails of the wealth distribution. The fits appear especially unsatisfactory in the lower tails of the wealth distribution.
The probability plots also show that the beta Pareto distribution does give satisfactory fits in both the lower and upper tails of the wealth distribution. The fits appear especially good in the upper tails of the wealth distribution. The quantile plots also show that the beta Pareto distribution does give satisfactory fits except for a few data points in the very extreme upper tails. These data points appear to correspond to: the top two billionaires (numbered in red as 1 and 2), Bill Gates and Warren Buffet, for the year 2016; the richest billionaire (numbered in red as 1), Bill Gates, for the year 1999; the second richest billionaire (numbered in red as 2), Paul Allen, for the year 1998; the top three billionaires (numbered in red as 1, 2 and 3), DuPont family, Bill Gates and Warren Buffett, for the year 1994. Figure 4 shows the rank-wealth relationship for selected years (Levy (2009)) . The x and y coordinates of the plotted points are the logarithms of the rank and the logarithms of the wealth of the 400 billionaires. The rank 1 is used to denote the richest billionaire and the rank 400 is used to denote the poorest billionaire. The x and y coordinates of the curve in black (for the fitted Pareto type I distribution) are The rank-wealth relationships show that the beta Pareto distribution gives much better fits than the Pareto type I distribution for almost all ranks. The Pareto type I distribution performs equally well only when the rank is very close to 400.
The beta Pareto distribution gives much better fits because its two shape parameters add much flexibility. The two parameters allow the tails to behave freely. The averages of the parameter estimates for the beta Pareto distribution are: 1.244 for the exponent parameter; 1.076 for the shape parameter controlling the lower tail; 1.384 for the shape parameter controlling the upper tail.
Conclusions
We have studied the wealth distribution of the Forbes 400 lists for the years from 1988 to 2016. We have shown that the Pareto type I distribution does not give a statistically adequate fit to the wealth for any of the years. We fitted a generalization of the Pareto type I distribution referred to as the beta Pareto distribution. It was shown to provide statistically adequate fits to the wealth for all of the years. The adequacy was assessed in terms of Akaike information criterion values, Anderson Darling tests, probability plots, quantile plots and rank-wealth relationships.
The beta Pareto distribution was chosen because it is one of the simplest generalizations of the Pareto type I distribution. A future work is to find other generalizations or other distributions providing statistically adequate fits to the wealth for all of the years.
